In this paper we define an integral of Kurzweil᎐Henstock type over multidimensional unbounded intervals having the property that a multiple series converges in the sense of Hardy᎐Moricz if and only if the associated step function is integrablé in this sense. We show that this integral has good properties and in particular Hake's property characterizing the integrability in terms of some convergence property of the associated indefinite integral, and a divergence theorem on unbounded intervals.
INTRODUCTION
The aim of this paper is to define an integral over unbounded intervals with the property that a d-multiple series a : ‫ގ‬ d ª ‫ޒ‬ converges if and only w . d if the associated step function f : 0, ϱ ª ‫ޒ‬ is integrable. A first attempt w x in this direction was made by C. Pierson-Gorez in 7 . She succeeded in obtaining such a result for the so-called RRGM-integral, but this integral has the deficiency that there exist many integrable functions which are not integrable on all subintervals. Our purpose is to present an integral which satisfies all the desired properties.
The failure of the hereditary property for the RRGM-integral is not due to the choice of the Riemann-type integration, but to the choice of the Ž notion of convergence for the multiple series and hence for the indefinite . integral . Clearly, one must consider a notion of convergence which involves the convergence of all partial series. By simply adding this Ž . condition to the usual Pringsheim's i.e., rectangular convergence, G. H. Hardy obtained a very satisfactory definition of the convergence for the w x double series 1 . And sixty years later, F. Moricz introduced an equivalent w x and elegant definition for the case of a general multiple series 4 . In Section 2, we show that the space of all convergent d-multiple series a : ‫ގ‬ d ª E into a Banach space E has a natural Banach space structure, and we also give a Fubini theorem for multiple series, cf. Theorem 2.9.
The definition of our integral is introduced in Section 3. Using the Cauchy's criterion of Proposition 3.6 we prove that if the function f is integrable on the interval I : ‫ޒ‬ d , then it is integrable on every subinterval Ž . I : Ibounded or unbounded . If we suppose that the function f is 0 integrable on every compact interval J : I, then the integrability of f is Ž . equivalent to the convergence of the indefinite integral F J s H f, as J Ž shown in Theorem 4.5 the definition of the convergence for an interval function is very similar to the definition of the convergence for a multiple . series . This important Hake's property, which can be taken as a definition of the integral, allows a short proof of the equivalence between the convergence of a multiple series a : ‫ގ‬ d ª E into a Banach space E w . d and the integrability of the associated function f : 0, ϱ ª E, cf. Theorem 4.10.
The results presented in this paper do not depend on a particular choice Ž of the gauge integral the key lemmas being Proposition 3.6 and Lemma . Ž w x. 4.4 , and we use the classical Kurzweil᎐Henstock integral cf. 2, 3 just for simplicity.
CONVERGENCE OF MULTIPLE SERIES

Ž .
d Notations 2.1. We write n for a d-multiple index n , . . . , n g ‫ގ‬ .
d R:‫ގ‬ satisfying R s R m, n for some m, n g ‫ގ‬ . We shall also consider the cubes
Let E be a Banach space and let a : ‫ގ‬ d ª E be a d-multiple sequence in E. We recall that the series Ý a con¨erges in the n sense of Pringsheim to the sum s g E if for any ) 0 there exists an integer N g ‫ގ‬ with the property
w x Following F. Moricz 4 , we say that the series Ý a con¨erges to the suḿ n s g E if for any ) 0 there exists an integer N g ‫ގ‬ with the properties
One can show that this second condition is equivalent with the convergence of the partial series, cf. Theorem 2.11.
d
Ž . LEMMA 2.3. Let R be a rectangle of ‫ގ‬ . Then for any cube C N there Ž . exist disjoint rectangles R , R , . . . , R such that R s C N l R and
Proof. This is an immediate consequence. Cauchy sequence in the Banach space E. Let s g E be the limit of this Cauchy sequence. We consider an Ž . arbitrary rectangle R with C N l R s л. Using Corollary 2.4 once k again we obtain 
for every rectangle S : ‫ގ‬ with C P l S s л. And for each index e Ž .
5 Ž . 5 In order to show that s is the sum of the series Ý a , we take an integer 
Other equivalent descriptions of the convergence for the case of w x Ž a double series can be found in 9 especially interesting is the . -convergence . 
The integral A g E is clearly unique and denoted by H f. In the particular I case where I is a compact interval, this definition is equivalent to the preceding one. partition of H.
, where 
Ž . Proof. ¥ For each k g ‫ގ‬ one chooses a gauge ␦ : I ª ‫ޒ‬ and an k q Ž . Ž . Ž . interval J g J J I with the properties 1 and 2 for s 1rk. One may k assume that ␦ F ␦ and J : J for every k. We consider the
By the preceding corollary we obtain
for every l G k, and this proves that x is a Cauchy sequence in the we conclude that
Ž . 
Therefore f is integrable on I by Cauchy's criterion. 
THE MAIN RESULTS
d
Ž . DEFINITION 4.1. Let I be a closed interval of ‫ޒ‬ and let F : J J I ª E Ž . be an additive interval function into a Banach space E. We say that F J con¨erges to the limit A g E if for any ) 0 there exists an interval Ž . J g J J I with the properties
Ž . The vector A g E is clearly unique and denoted by lim F J , or simply 
We consider the sets C s yn, n and U s yn, n l I. Say n n U / л for all n G N. Since f is integrable on the interval I s C l I, n n n there exists for each n G N a gauge ␦ : I ª ‫ޒ‬ with the property
Ž . denotes the boundary of C . We put ␦ x s ␦ x for every element 
Ž .
Proof. « Given ) 0 there exist a gauge ␦ : I ª ‫ޒ‬ and an inter- 
Thus the function F : J J I ª E converges and f is 2 2 integrable on I.
Now we are able to prove the equivalence between the convergence of a multiple series Ý a and the convergence of the associated integral H f. 
n n i i i Ž . As usual we write F J for the integral of f over a compact interval
where m is the biggest integer F x and n the smallest integer G y . 
CONCLUDING REMARKS
The definition of the integral of a function f : I ª E over an unbounded closed interval I : ‫ޒ‬ d is closely related to the definition of the convergence of a series a : ‫ގ‬ d ª E. So one might be tempted to define integrals based on some other notions of convergence for multiple series, like, e.g., the more general Pringsheim's convergence or the more restrictedw x convergence of M. Sheffer 8 . But the first one does not involve the Ž . convergence of the partial series cf. Theorem 2.11 , and the following result shows that there does not exist any interesting closed strict subspace Ž . of CS d, E . 
